Performance of Fractionally Spread Multicarrier CDMA in AWGN as Well as Slow and Fast Nakagami-m Fading Channels by Yang, L-L. & Hanzo, L.
IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 54, NO. 5, SEPTEMBER 2005 1817
Performance of Fractionally Spread Multicarrier
CDMA in AWGN as Well as Slow and Fast
Nakagami-m Fading Channels
Lie-Liang Yang, Senior Member, IEEE, and Lajos Hanzo, Fellow, IEEE
Abstract—In multicarrier code-division multiple-access (MC-
CDMA), the total system bandwidth is divided into a number
of subbands, where each subband may use direct-sequence (DS)
spreading and each subband signal is transmitted using a subcar-
rier frequency. In this paper, we divide the symbol duration into
a number of fractional subsymbol durations also referred to here
as fractions, in a manner analogous to subbands in MC-CDMA
systems. In the proposed MC-CDMA scheme, the data streams
are spread at both the symbol-fraction level and at the chip level
by the transmitter, and hence the proposed scheme is referred to
as the fractionally spread MC-CDMA arrangement, or FS MC-
CDMA. Furthermore, the FS MC-CDMA signal is additionally
spread in the frequency (F)-domain using a spreading code with
the aid of a number of subcarriers. In comparison to conventional
MC-CDMA schemes, which are suitable for communications over
frequency-selective fading channels, our study demonstrates that
the proposed FS MC-CDMA is capable of efﬁciently exploiting
both the frequency-selective and the time-selective characteristics
of wireless channels.
Index Terms—Broadband communications, code-division mul-
tiple access (CDMA), fractionally spreading, frequency-domain
spreading, multicarrier modulation, Nakagami fading, time-
domain spreading.
I. INTRODUCTION
I
N MULTICARRIER code-division multiple-access (MC-
CDMA) communication systems [1]–[15], the total band-
width available is divided into a number of subbands, where
each subband may employ direct-sequence (DS) spreading and
eachsubbandsignalistransmittedwiththeaidofasubcarrier.In
MC-CDMA systems [4], [6], [9], serial-to-parallel (S-P) con-
version is invoked at the transmitter, in order to decrease the
transmitted symbol rate for the sake of mitigating the effects
of inter-symbol interference (ISI). Frequency diversity in MC-
CDMAsystemsisusuallyachievedbyrepeatingthetransmitted
signal in the frequency (F)-domain with the aid of several sub-
carriers [5], [6], [10]. Alternatively, in MC-CDMA systems the
F-domainrepetitioncanbereplacedbyF-domainspreading[16]
usingaspreadingcode.OneoftheadvantagesofusingF-domain
spreadinginsteadofF-domainrepetitioninMC-CDMAsystems
is that frequency diversity can be achieved without reducing the
maximumnumberofuserssupportedbythesystem[16].Classic
studies of MC-CDMA have shown that the various MC-CDMA
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schemes proposed in the literature [3]–[15] are capable of sup-
porting multiple users communicating over frequency-selective
fading channels.
However, the future generations of broadband multiple-
accesscommunicationsystems[17]areexpectedtohaveaband-
widthontheorderoftensorevenhundredsofMegahertz.Broad-
band wireless mobile channels are typically time-varying and
the received signals may experience both frequency-selective
and time-selective fading [18], [19]. Since conventional MC-
CDMA schemes have usually been designed without consider-
ingthetime-selectivityofthewirelesschannels,theymaynotbe
sufﬁciently efﬁcient, when communicating over wireless chan-
nels exhibiting both frequency-selective and time-selective fad-
ing. In the context of fading channels existing both frequency-
selective and time-selective fading, signalling with the aid of
single-carrier DS-CDMA has been investigated based on the
time-frequency representation techniques [19]–[22]. Speciﬁ-
cally, in these references the reception of DS-CDMA signals
has been investigated, while simultaneously achieving both fre-
quency diversity with the advent of the frequency-selectivity
of the fading as well as time diversity as a result of the time-
selectivity of the fading. Both frequency diversity and time di-
versityareachievedbyutilizingatwo-dimensional(2-D)RAKE
receiver [19]. It has been shown in [19] and [20] that by exploit-
ing both the frequency-selectivity and the time-selectivity of
fast-fading wireless channels, the diversity gain can be sub-
stantially enhanced in comparison to using solely frequency-
selectivity. However, when the transmitted signals experience
pure frequency-selective fading, where no signiﬁcant time (T)-
domainfadingisexperiences,orwhenexperiencetime-selective
fading having an insufﬁciently high number of resolvable com-
ponents in the T-domain, then using a 2-D RAKE receiver will
inevitably combine noise, rather than useful signal energy.
In this paper, instead of using a 2-D RAKE receiver, ﬁrstly,
we resort to multicarrier transmission of the DS-CDMA sig-
nals for the sake of achieving frequency diversity, as consid-
ered in [5], [6]. Secondly, in a manner analogous to the ap-
proach used in MC DS-CDMA schemes [5]—which divide the
available bandwidth into a number of subbands—we divide the
symbol-durationintoanumberofsubsymbol-durationsreferred
tohereasfractions,forthesakeofachievingtimediversity,when
communicating over fast-fading channels. In our proposed MC-
CDMA scheme, the serial-to-parallel (S-P) converted data sub-
streams are DS spread at both the T-domain fraction level and
at the chip level, as we will see in our forthcoming discourse.
Hence, the proposed scheme is referred to as fractionally spread
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MC-CDMA and we use the abbreviation of FS MC-CDMA for
simplicityofdescription.Furthermore,asin[16],inourFSMC-
CDMA scheme the doubly DS spread signal is further spread
also in the frequency (F)-domain with the aid of a number of
subcarriers,asitwillbehighlightedduringourfurtherdiscourse.
The BER performance of the FS MC-CDMA system is investi-
gated, when communicating over additive white Gaussian noise
(AWGN)channelsaswellasoverbothfrequency-selectiveslow
and fast Nakagami-m fading channels [9], [23], [24]. Our re-
sultsdemonstratethattheproposedFSMC-CDMAiscapableof
efﬁciently exploiting both the frequency-selective and the time-
selectivecharacteristicsofthewirelesschannelsencounteredfor
enhancing the achievable BER performance. Furthermore, the
proposed FS MC-CDMA has the potential of ﬂexibly achiev-
ing the best balance between the attainable spreading gain and
diversity gain. For example, when the fading channels encoun-
tered are both frequency-selective and time-selective, FS MC-
CDMA is likely to achieve the highest combined frequency-
and time-diversity gain but correspondingly the lowest spread-
inggain.Ontheotherhand,whenthefadingchannelsareneither
frequency-selective nor time-selective, then FS MC-CDMA is
unabletoachievediversitygain.However,insteadofnodiversity
gain, FS MC-CDMA achieves its highest spreading gain. Fur-
thermore, when the fading channels encountered are frequency-
selective(ortime-selective)butnottime-selective(orfrequency-
selective),thenFSMC-CDMAisexpectedtoachieveadiversity
gain, which is lower than that achieved in the former frequency-
and time-selective scenario, but higher than that achieved in the
latter frequency- and time-nonselective scenario. Correspond-
ingly, the spreading gain achieved by FS MC-CDMA is higher
than that achieved in the frequency- and time-selective fading
channels, but lower than that achieved in the frequency- and
time-nonselective fading channels. Owing to the above self-
ﬂexible properties, the proposed FS MC-CDMA scheme is ben-
eﬁcial for communications over wireless channels exhibiting
frequency-selective fading and/or time-selective fading.
The remainder of this contribution is organized as follows.
Section II describes the FS MC-CDMA system model in the
contextofitstransmitterandreceivermodels.SectionIIIderives
the corresponding BER expressions. In Section IV, we provide
our numerical results and provide further discussions. Finally,
in Section V we present our conclusions.
II. SYSTEM MODEL
A. Transmitted Signals
The transmitter diagram of the kth user is shown in Fig. 1
for the proposed FS MC-CDMA system. In this scheme, the
original binary data stream having a bit duration of Tb is S-
P converted to U parallel substreams, which are expressed as
{bk1,b k2,...,b kU}. The new bit duration after S-P conver-
sion, which is also often referred to as the symbol duration
is given by Ts = UTb. As shown in Fig. 1, after S-P conversion
each of the substreams is spread using two time (T)-domain
spreading codes, namely ak(t) and ck(t). More explicitly, the
ﬁrst T-domain spreading code ak(t) is applied at the fraction
level and it is expressed as ak(t)=
 ∞
i=−∞ akiPTD (t − iTD),
Fig. 1. Transmitter model of fractionally spread MC-CDMA.
Fig. 2. Subcarrier frequency arrangement in the FS MC-CDMA system.
where TD = Ts/N1 represents the fraction’s time-duration, aki
assumes the binary values of +1 or −1 with equal probabil-
ity, while PTD (t) represents the rectangular pulses of duration
TD. Hence, ak(t) consists of a sequence of mutually indepen-
dent rectangular pulses of duration TD and amplitude of +1 or
−1, both having an equal probability. The second T-domain
spreading code ck(t) is at the chip level and is deﬁned as
ck(t)=
 ∞
i=−∞ ckiPTc (t − iTc), where {cki} is again a ran-
dom sequence with cki ∈{ +1,−1} and PTc (t) is the rectangu-
lar chip waveform deﬁned over the time interval [0,T c).
Let the total number of subcarrier frequencies, namely US,
be arranged according to Fig. 2, where S is deﬁned as the
length of the F-domain spreading codes to be invoked addition-
ally. We assume that the spacing between two adjacent subcar-
rier frequencies is 2/Tc and there exists no overlap among the
main spectral lobes of the subcarriers. As shown in Fig. 1, after
T-domain spreading the uth substream, where u =1 ,2,...,U,
is further spread in the frequency (F)-domain using an S-chip
F-domain spreading code {Fk1,F k2,...,F kS} associated with
the S number of subcarrier frequencies of {f1u,f 2u,...,f Su}.
Finally, the USnumber of subcarrier-modulated substreams are
superimposed on each other in order to form the transmitted
signal, which can be expressed as
sk(t)=
 
2Eb
TsS
U  
u=1
S  
s=1
bku(t)ak(t)ck(t)Fks
× cos
 
2πfsut + φ(k)
su
 
(1)
where Eb represents the energy per bit, bku(t) denotes the uth
binary data’s waveform after the S-P conversion, while φ
(k)
suYANG AND HANZO: PERFORMANCE OF FRACTIONALLY SPREAD MULTICARRIER CDMA 1819
represents a random phase due to carrier modulation. Assuming
N2 = TD/Tc beinganinteger,thenthetotalT-domainspreading
factor is N = Ts/Tc = Ts/TD × TD/Tc = N1N2.
B. Channel Model
In order to gain an insight into the characteristics of the pro-
posedFSMC-CDMAsystem,inthiscontributionthreedifferent
channel models are considered, namely both AWGN channels,
as well as frequency-selective slow and fast Nakagami-m fad-
ing channels. The AWGN and fast fading channel models rep-
resent two extreme cases corresponding to the best-case non-
fading environments and the worst-case communication envi-
ronmentsexhibitingbothfrequency-selectiveandtime-selective
fading. The reason for considering Nakagami-m fading is that
the Nakagami-m distribution constitutes a versatile, generic
class of distributions. As shown in [24]–[28], the parameter
m involved in the Nakagami-m distribution characterizes the
severity of the fading. Speciﬁcally, m =1represents Rayleigh
fading, m →∞corresponds to the conventional Gaussian sce-
nario, and m =1 /2 describes the so-called one-sided Gaussian
fading, i.e., the worst-case fading condition. The Rician and
lognormal distributions can also be closely approximated by the
Nakagami distribution in conjunction with values of m>1.
We assume that there are K asynchronous FS MC-CDMA
users in the system. The average power received from each user
atthebase stationisalsoassumedtobeidentical. Consequently,
when K signals obeying the form of (1) are transmitted over
AWGN channels, the signal received by the base station can be
expressed as
r(t)=
 
2Eb
TsS
K  
k=1
∞  
n=−∞
U  
u=1
S  
s=1
bku(t − τk)
× aknPTD (t − nTD − τk)ck(t − τk)Fks
× cos
 
2πfsut + ψ(k)
su
 
+ n(t) (2)
where ψ
(k)
su = φ
(k)
su − 2πfsuτk, which is assumed to be an i.i.d.
random variable having a uniform distribution in [0,2π), while
n(t)representstheAWGNnoisehavingzeromeanandadouble-
sided power spectrum density of N0/2.
Inthecontextofrapidlyﬂuctuating,high-Dopplerfrequency-
selective Nakagami-m fading channels, we assume that the
delay-spread of the channel, denoted by Tm is lower than the
chip-duration Tc, i.e., we have Tm <T c. In practice the con-
dition of Tm <T c can be achieved by employing high chip-
duration spreading sequences for each of the subcarriers, but
assigning an increased number of subcarriers. The required fre-
quencydiversityagainisachievedbytransmittingthesamedata
on several subcarriers experiencing independent fading. Since
we assume that Tm <T c, the number of resolvable paths asso-
ciated with each subcarrier is therefore one, i.e., each subcarrier
signal experiences ﬂat fading [5], [7], [8]. As shown in Fig. 1,
the FS MC-CDMA transmitter usually employs S-P conversion
and U data bits are transmitted in parallel within each symbol-
duration. Hence, the symbol-duration is Ts = UTb. For rapidly
time-varying wireless channels, which may be encountered by
high-velocity mobile terminals or fast moving large-bodied ob-
jects in the vicinity of the mobile terminal, the fading ampli-
tude may change signiﬁcantly within a given symbol-duration,
resulting in high-Doppler time-selective fading. The results
of [19], [20], and [22] have shown that the time-selective char-
acteristics of the wireless channels can be exploited for signiﬁ-
cantly increasing the achievable diversity gain of single-carrier
DS-CDMAsystems.Again,inthispaper,inamanneranalogous
to MC DS-CDMA [5]—which divides the total available band-
width into a number of subbands so that each subcarrier signal
experiences ﬂat fading—we divide the symbol-duration of Ts
into N1 number of sub-symbol-duration referred to as fractions.
We assume that the fading amplitude within each fraction of TD
is a constant, while the received signal experiences independent
fading during each fraction. The above assumption implies that
the coherence time [18] (∆t)c of the channel is higher but close
to the fraction-duration of TD, i.e., that we have (∆t)c >
≈TD.
Note that, in practice, if the fractions are subject to correlated
fading and if achieving the time-diversity is also one of the de-
sign objectives, then interleaving over time may be employed
after the fractionally spreading stage of Fig. 1, in order to guar-
antee the independent fading of the subcarrier signals in each
fraction. However, when achieving the time-diversity is not a
design objective, for example since sufﬁcient diversity has been
provided by thefrequency-diversity, the above-mentioned inter-
leaving is then unnecessary. In this case, as can be shown in our
forthcoming analysis, instead of achiveing pure time-diversity,
the detector is capable of automatically reaching a tradeoff be-
tween the time-diversity gain and the spreading gain, depending
on the correlation among the fractions. Based on the above as-
sumptions, the asynchronous signal received by the base station
can be expressed as
r(t)=
 
2Eb
TsS
K  
k=1
∞  
n=−∞
U  
u=1
S  
s=1
α(k)
unsbku
× (t − τk)aknPTD (t − nTD − τk)
× ck(t − τk)Fkscos
 
2πfsut + ψ(k)
uns
 
+ n(t) (3)
where n(t) is the same random variable as in (2), while we
have ψ
(k)
uns = φ
(k)
su + ϕ
(k)
uns − 2πfsuτk and ϕ
(k)
uns is the channel-
induced phase contribution. Furthermore, in (3) α
(k)
uns is an am-
plitude fading parameter associated with the kth user, with the
nth fraction as well as with the subcarrier indexed by the val-
ues of u and s. The fading amplitude α
(k)
uns is a random vari-
able obeying the Nakagami-m distribution having a PDF given
by [27]
pα
(k )
uns(r)=
2r2m−1
Γ(m)
 m
Ω
 m
exp
 
−
mr2
Ω
 
(4)
where Γ(·) is the gamma function [18], Ω=E[(α
(k)
uns)2] and
m is the Nakagami-m fading parameter, as we discussed previ-
ously in this section. Note that, in the context of the frequency-
selective slow fading channel model, the received signal can
also be expressed as in (3) by assuming that α
(k)
uns and ψ
(k)
uns are
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Fig. 3. Receiver schematic diagram of fractionally spread MC-CDMA.
C. Receiver Model
Let the ﬁrst user be the user-of-interest and let us ignore the
subscriptaswellasthesuperscriptassociatedwiththereference
user in Fig. 3 in our forthcoming discussions. The transmitter of
Fig. 1 and (1) transmits each data bit on S number of subcarri-
ers using N1 fractions. At the receiver side, these N1S number
of signals conveying the same data bit are combined based on
the maximum ratio combining (MRC) principle, when assum-
ing rapidly fading channels. Therefore, we have to estimate
both the fading amplitude αuns and the phase ψuns associ-
ated with each of the subcarrier signals within each fraction. In
this contribution we assume that these channel parameters are
perfectly estimated using, for example, the approaches in [31]
and [32]. Note that when AWGN channels are considered, the
fading amplitudes of {αuns} are set to units, while the phases
due to carrier modulation and channel delay are assumed to be
perfect estimates. By contrast, for the slowly fading channels
considered, both the fading amplitudes as well as the phases
are independent of the fraction index of n. The FS MC-CDMA
receiver’s schematic diagram is shown in Fig. 3, which is suit-
able for receiving the FS MC-CDMA signals in all three types
of channel models considered. In Fig. 3 each subcarrier signal
is ﬁrst despread using the T-domain spreading code c(t) of the
reference user associated with each fraction. Then, the subcar-
rier signals conveying the same data bit are despread using the
F-domain spreading code {F1,F 2,...,F S} and combined us-
ingaMRCschemewiththeaidofthechannel’sfadingenvelope
estimates {αun1,α un2,...,α unS}U
u=1. Finally, the N1 number
of signals corresponding to N1 fractions of the same symbol are
despread using the T-domain spreading code a(t), yielding the
decision variable Zu,u=1 ,...,U acquired for the uth binary
bit. The process of generating the decision variable Zu for the
ﬁrst symbol can be summarized using the following equations:
Zu =
N1−1  
n=0
anZun,u =1 ,...,U (5)
Zun =
S  
s=1
FsZuns (6)
Zuns = αuns ×
  (n+1)TD
nTD
r(t)c(t)cos(2πfsut)dt (7)
w h e r ew ea s s u m e dt h a tτ1 =0and ψuns =0 , representing per-
fect synchronization with the subcarrier signal of the fraction
that is being considered.
Based on the decision variable Zu,u=1 ,...,U, the current
data bit of the uth substream is decided to be 0 or 1, depending
on whether Zu is higher than zero. Finally, the U number of
parallel data substreams are parallel-to-serial (P-S) converted,
in order to output the serial data bits. Let us now analyze the
statistics of the decision variables and the achievable BER with
the aid of these statistics.
III. BIT ERROR RATE ANALYSIS
In this section we derive the bit error rate (BER) expression
for the proposed FS MC-CDMA system, when communicating
over the AWGN, and over the slow or fast frequency-selective
Nakagami-m fading channels. Considered both the AWGN and
thefrequency-selectiveslowfadingchannelmodelscanberead-
ily derived from the frequency-selective fast fading channel
model by setting the fading amplitudes and the phases to ap-
propriate values. Therefore, our analysis is essentially carried
out for the frequency-selective fast fading channel model. For
the AWGN and for the frequency-selective slow fading channel
models we will only provide the ﬁnal results. Let us ﬁrst derive
the statistics of the decision variables {Zu}U
u=1.
A. Decision Variable Statistics
In MC DS-CDMA systems, when the main spectral lobes of
the subcarrier signals do not overlap, the interference imposed
on a ‘speciﬁc’ subcarrier is mainly contributed by the same sub-
carrieroftheinterferingusers[29].Theinterferenceimposedby
the other subcarriers using subcarrier frequencies different from
the ‘speciﬁc’ subcarrier’s can be ignored. Hence, in our forth-
coming discourse we only consider the multiuser interference
(MUI) imposed by the speciﬁc interfering subcarriers, which
have the same subcarrier frequencies, as the reference subcar-
rier considered. Upon substituting r(t) of (3) into (7), it can be
shown that the variable of Zuns can be expressed as
Zuns =
 
EbTs
2S
 
Duns +
K  
k=2
I(k)
uns + Nuns
 
(8)
where Nuns is contributed by n(t) of (3), which is a Gaus-
sian random variable having zero mean and a variance of
(Sα2
unsN0/2N1Eb).I n( 8 )Duns represents the desired out-
put matched to the subcarrier signal at index us,t ot h enth
fraction of the considered symbol as well as to the reference
user of k =1 , hence Duns can be expressed as
Duns =
 
Fsanα2
uns
N1
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Furthermore, I
(k)
uns in (8) represents the MUI imposed by the kth
interfering user, which can be expressed as
I(k)
uns =
Fksαuns
Ts
 
akn−1α(k)
un−1s cos
 
ψ(k)
un−1s
 
bkun−1Rk(τk)
+ akn0α(k)
un0s cos
 
ψ(k)
un0s
 
bkun0 ˆ Rk(τk)
 
(10)
whereakn−1,α
(k)
un−1s,ψ
(k)
un−1s,andbkun−1 representthefraction-
relatedvalueoftheﬁrstT-domainspreadingcode,thefadingam-
plitude, the phase and the transmitted data bit, respectively, as-
sociatedwiththekthuser’ssignalinthecontextofthe(n − 1)th
fraction. By contrast, akn0, α
(k)
un0s,ψ
(k)
un0s, and bkun0 represent
the fraction-related value of the ﬁrst T-domain spreading code,
the fading amplitude, the phase and the transmitted data bit,
respectively, associated with the kth user’s signal in the context
of the nth fraction. The phase variables ψ
(k)
un−1s and ψ
(k)
un0s in
(10) are assumed to be i.i.d. random variables obeying a uni-
form distribution in [0,2π). Furthermore, Rk(τk) and ˆ Rk(τk)
in (10) represent the partial cross-correlation functions between
the kth user’s spreading sequence ck(t) and the reference user’s
spreading sequence c(t), which are deﬁned as
Rk(τk)=
  nTD +τk
nTD
ck(t − τk)c(t)dt (11)
ˆ Rk(τk)=
  (n+1)TD
nTD +τk
ck(t − τk)c(t)dt. (12)
As shown in (6), the variable Zun is the output after the
F-domain despreading. After ignoring the common factor of  
(EbTs)/(2S) in (8), Zun can be expressed as
Zun = Dun +
K  
k=2
I(k)
un + Nun (13)
where Nun =
 S
s=1 FsNuns, which is a Gaussian ran-
dom variable having zero mean and a variance of  S
s=1(Sα2
unsN0/2N1Eb), while Dun and I
(k)
un can be ex-
pressed as
Dun =
 
S  
s=1
anα2
uns
N1
 
bu (14)
I(k)
un =
S
Ts
 
β1k(n−1)akn−1bkun−1Rk(τk)
+ β1k(n0)akn0bkun0 ˆ Rk(τk)
 
(15)
where, by deﬁnition, β1k(n−1) and β1k(n0) are given by
β1k(n−1)=
1
S
S  
s=1
FsFksαunsα(k)
un−1s cos
 
ψ(k)
un−1s
 
(16)
β1k(n0)=
1
S
S  
s=1
FsFksαunsα(k)
un0s cos
 
ψ(k)
un0s
 
(17)
which are variables related to the cross-correlation of the F-
domain spreading codes between user k and the reference user
of k =1 .
Finally, the decision variable Zu of Fig. 3 is obtained by de-
spreading {Zun}
N1−1
n=0 using the T-domain spreading sequence
{an}, which was shown in (5). The decision variable Zu can be
expressed as
Zu = Du +
K  
k=2
I(k)
u + Nu (18)
where Nu =
 N1−1
n=0
 S
s=1 anFsNuns, which is a Gaus-
sian random variable having zero mean and a variance of  N1−1
n=0
 S
s=1(Sα2
unsN0/2N1Eb),whileDu representsthede-
sired output after the T-domain despreading, F-domain de-
spreading and T-domain fractionally despreading portrayed in
Fig. 3, which can be expressed as
Du =
 
N1−1  
n=0
S  
s=1
α2
uns
N1
 
bu. (19)
Finally,I
(k)
u in(18)representstheresultantMUIimposedbythe
kth interfering user, after the T-domain despreading, F-domain
despreading and T-domain fractionally despreading. I
(k)
u can be
expressed as
I(k)
u =
N1S
Ts
[ρ1k(n−1)bkun−1Rk(τk)
+ ρ1k(n0)bkun0 ˆ Rk(τk)
 
(20)
where, by deﬁnition, ρ1k(n−1) and ρ1k(n0) are given by
ρ1k(n−1)=
1
N1
N1−1  
n=0
anakn−1β1k(n−1) (21)
ρ1k(n0)=
1
N1
N1−1  
n=0
anakn0β1k(n0) (22)
which are variables related to the cross-correlation of the frac-
tional T-domain spreading codes and to the cross-correlation of
the F-domain spreading codes between user k and the reference
user associated with k =1 .
For AWGN channels we have α
(k)
uns =1and φ
(k)
uns = φ
(k)
su ,
which are independent of the index of n, hence the decision
variable Zu for u =1 ,2,...,Ucan also be represented by (18)
with the terms at the right-hand side of (18) given as follows:
Du = Sbu (23)
I(k)
u =
N1S cos
 
ψ
(k)
su
 
Ts
×

   

1
N1
N1−1  
n=0
anakn−1
      
T−domain correlation
×
1
S
S  
s=1
FsFks
      
F−domain correlation1822 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 54, NO. 5, SEPTEMBER 2005
× bkun−1 Rk(τk)
      
T−domain correlation
+
1
N1
N1−1  
n=0
anakn0
      
T−domain correlation
×
1
S
S  
s=1
FsFks
      
F−domain correlation
×bkun0 ˆ Rk(τk)
      
T−domain correlation


  

(24)
and Nu =
 N1−1
n=0
 S
s=1 anFsNuns, which is a Gaussian ran-
dom variable having zero mean and a variance of (S2N0/2Eb).
The MUI expression of (24) implies that the multiuser inter-
ference is suppressed by the T-domain despreading represented
by Rk(τk) and ˆ Rk(τk), by the F-domain despreading repre-
sented as (1/S)
 S
s=1 FsFks, as well as by the T-domain frac-
tional despreading indicated by (1/N1)
 N1−1
n=0 anakn−1 and
(1/N1)
 N1−1
n=0 anakn0. Therefore, the FS MC-CDMA scheme
is, in fact, equivalent to the conventional single-carrier DS-
CDMA scheme employing solely T-domain spreading and also
to the conventional MC-CDMA arrangement using solely F-
domain spreading. Hence they are capable of achieving a simi-
larBERperformance,providedthattheresultantspreading-code
dependent cross-correlation factors invoked in these three types
of CDMA schemes are similar.
In order to obtain the probability density function (PDF) of
the decision variable Zu of (18) for deriving the bit error prob-
ability, we approximate the MUI by additive Gaussian noise,
since it is constituted by the sum of numerous independent ran-
dom variables. Based on the Gaussian approximation [30], the
decision variable Zu of (18) can be approximated as a Gaussian
random variable having a mean given by
E[Zu]=Du =
 
N1−1  
n=0
S  
s=1
α2
uns
N1
 
bu (25)
and a variance given by
Var[Zu]=( K − 1)Var
 
I(k)
u
 
+ Var[Nu] (26)
where Var[Nu] was previously given in the context of (18),
while Var[I
(k)
u ] is derived in the Appendix and expressed as
Var
 
I(k)
u
 
=
Ω
3N2
1N2
N1−1  
n=0
S  
s=1
α2
uns (27)
where we have Ω=E[(α
(k)
uns)2]. Upon substituting Var[Nu]
and Var[I
(k)
u ] of (27) into (26), we obtain the variance of the
decision variable Zu, which is expressed as
Var[Zu]=
 
(K − 1)
3N2
1N2
+
S
N1
 
2ΩEb
N0
 −1 
Ω
×
N1−1  
n=0
S  
s=1
α2
uns. (28)
Having obtained the statistics of the decision variables, be-
low we derive the BER expression of the FS MC-CDMA sys-
tem, when communicating over both AWGN, as well as over
frequency-selectiveslowandfastNakagami-mfadingchannels.
B. Bit Error Rate
With the aid of (25) and (28), the signal to interference plus
noise ratio (SINR) for the given channel parameters of {α2
uns}
can be expressed as [18]
SINR
  
α2
uns
  
=
E2[Zu]
2Var[Zu]
=
 
2(K − 1)
3N2
+ SN1
 
ΩEb
N0
 −1 −1
×
N1−1  
n=0
S  
s=1
α2
uns
Ω
. (29)
InthecontextofAWGNchannelswehaveα2
uns =1andcor-
respondingly also Ω=1 . Upon substituting these results into
(29), the SINR achievable over AWGN channels can be ex-
pressed as
SINR =
 
2(K − 1)
3N1N2S
+
 
Eb
N0
 −1 −1
(30)
which, in fact, is identical to the SINR expression of a classic
single-carrier DS-CDMA system having the T-domain spread-
ing factor of N1N2S. Furthermore, by studying (29) and (30)
in further detail, it can be argued that the proposed FS MC-
CDMA system constitutes a self-ﬂexible system without requir-
ing external reconﬁguration. More explicitly, it can be shown
that when the time-domain ﬂuctuation of the communication
channel is sufﬁciently rapid, for the fading envelope of each
signal of the consecutive fractions to become independent, the
proposed FS MC-CDMA system is capable of achieving the
highest attainable diversity order of N1S, as suggested by the
factor
 N1−1
n=0
 S
s=1 α2
uns/Ω in (29). However, in exchange for
achieving the highest attainable diversity order, the spreading
factorisatitsminimum,whichisgivenbytheT-domainspread-
ing factor N2 = TD/Tc, as shown in (29). By contrast, when
the communication channel is non-fading, then the FS MC-
CDMA system has no diversity gain and achieves its Gaussian
performance, but correspondingly reaches its highest possible
spreading factor value of N1N2S, as seen by the ﬁrst term in
the bracket of (30). The above analysis implies furthermore that
when the rate of channel fading is not sufﬁciently fast for satis-
fying the independent fading condition of each fraction-signal,
the diversity order will be lower than the maximum achievable
diversity order of N1S, while the corresponding spreading fac-
tor will be higher than the minimum given by N2 and it is in the
range of (N2,N 1N2S).
Speciﬁcally, let us assume for example that we encounter
frequency-selectiveslowfading,suchthatthefadingamplitudes
{αuns} are independent of the index of n, i.e., we have αuns =YANG AND HANZO: PERFORMANCE OF FRACTIONALLY SPREAD MULTICARRIER CDMA 1823
αsu. Then, the expression of SINR of (29) can be simpliﬁed to
SINR
  
α2
su
  
=
 
2(K − 1)
3N1N2
+ S
 
ΩEb
N0
 −1 −1
×
S  
s=1
α2
su
Ω
(31)
which indicates that the diversity order obeys S<S N 1,
while the spreading factor N1N2 is in the range of
(N2,N 1N2S).
With the aid of (29), (30), and (31), let us now derive the cor-
responding BER expressions. The BER of the FS MC-CDMA
system communicating over AWGN channels can be expressed
as
Pb = Q
 √
2 · SINR
 
= Q


 
K − 1
3N1N2S
+
 
2Eb
N0
 −1 −1/2
 (32)
where Q(x) represents the Gaussian Q-function, which
can either be represented in the form of Q(x)=
(1/
√
2π)
  ∞
x exp(−(t2/2))dt, or alternatively, as Q(x)=
(1/π)
  π/2
0 exp(−(x2/2sin 2 θ))dθ, x ≥ 0, as shown in [26]
and [28].
In the context of the frequency-selective fast Nakagami-m
fading channels, the BER conditioned on the fading amplitudes
{αuns} can be written as
Pb(γ)=Q
  
2 · SINR({α2
uns})
 
= Q


     
 2 ·
N1−1  
n=0
S  
s=1
γns

 (33)
where we have
γns = γc ·
α2
uns
Ω
(34)
γc =
 
2(K − 1)
3N2
+
 
ΩEb
SN1N0
 −1 −1
. (35)
The unconditional BER of the FS MC-CDMA systems com-
municating over frequency-selective fast Nakagami-m fading
channels, can be obtained by averaging (33) with respect to the
PDFs of γns with the aid of (4). The corresponding BER result
can be obtained from (50) of [9] with mL replaced by mSN1,
which can be written as
Pb =
1
π
  π/2
0
 
msin2 θ
γc + msin2 θ
 mSN1
dθ (36)
explicitly showing that the diversity order achieved is SN1.
Furthermore, it can be shown that the average BER of (36) can
also be expressed as [9], [28]
Pb =
 
γc
γc + m
(1 + γc/m)
−mN1S Γ(mN1S +1 /2)
2
√
πΓ(mN1S +1 )
× 2F1
 
1,mN 1S +
1
2
;mN1S +1 ;
m
m + γc
 
(37)
where 2F1(a,b;c;z) is the hypergeometric function deﬁned
in [25] as 2F1(a,b;c;z)=
 ∞
k=0((a)k(b)kzk)/((c)kk!) and
(a)k = a(a +1 )...(a + k − 1),(a)0 =1 .
Upon using a similar approaches to that used deriving the
BER expression of (37) derived for frequency-selective fast
Nakagami-m fading channels, the BER expression valid for
communicating over frequency-selective slow Nakagami-m
fading channels can be expressed as
Pb =
 
γc
γc + m
(1 + γc/m)−mSΓ(mS +1 /2)
2
√
πΓ(mS +1 )
× 2F1
 
1,mS+
1
2
;mS +1 ;
m
m + γc
 
(38)
where, in harmony with the SINR expression of (31) derived
for frequency-selective slow Nakagami-m fading channels, γc
is given by
γc =
 
2(K − 1)
3N1N2
+
 
ΩEb
SN0
 −1 −1
. (39)
It can also be shown [9] that the limit of (36) with respect
to m →∞will converge to (32), which quantiﬁes the BER
in the context of AWGN channels. This characteristic implies
that when the channel quality improves and the fading envelope
becomes near-constant, the FS MC-CDMA will automatically
leverage the diversity gain into spreading gain.
Above we have derived the BER expressions for the pro-
posed FS MC-CDMA system, when communicating over both
AWGN, as well as over frequency-selective slow or fast
Nakagami-m fading channels. Let us now illustrate its perfor-
mance in quantitative terms.
IV. PERFORMANCE RESULTS AND DISCUSSION
In this section we evaluate the achievable performance of
FS MC-CDMA based on the expressions derived in Section
III. In our evaluation we assumed a FS MC-CDMA system
using U =4bits per symbol. Furthermore, for convenience,
the parameters shown in the ﬁgures are also repeated here as
follows:
Eb/N0 signal-to-noise ratio (SNR) per bit;
N1 number of fractions per symbol;
N2 number of chips per fraction;
S F-domain spreading factor;
m fading parameter of the Nakagami-m fading chan-
nels;
K number of users.
Based on the above parameters, it can be shown that, for
transmitting at a bit rate of Rb =1 /Tb bits/second per user,
the bit rate after the S-P conversion becomes R 
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Fig.4. BERversusEb/N0 performanceoftheFS-MC-CDMAsystems,when
communicating over both non-fading AWGN, as well as over slow frequency-
selectiveandfastfrequency-selectiveRayleigh(m =1 )orNakagami-m (m =
2) fading channels.
bits/second.Hence,thetotalsystembandwidthrequiredisabout
U × SN1N2R 
b = SN1N2Rb Hz.
In Fig. 4, we show the corresponding comparison of the
BER performance of the FS MC-CDMA system, when com-
municating over both the nonfading AWGN, as well as over
the frequency-selective slow fading and fast fading channels,
assuming both Rayleigh (m =1 )and Nakagami-m (m =2 )
fading models. The curves in the ﬁgure were plotted against
the average SNR per bit of Eb/N0 for the parameters of
N1 =4 ,N 2 =3 1 ,S=4 , and K =3 0 . From the results of Fig.
4 we observe that for a given SNR per bit value, the frequency-
selective fast fading channel model achieves a lower BER, than
the frequency-selective slow fading channel model, regardless
of m =1or m =2 . Furthermore, for m =1or m =2 ,t h e
BER performance curve of the frequency-selective fast fading
channel model is only about 4 dB or 2 dB away from the BER
performance curve of the AWGN channel, at the BER of 10−6,
respectively. By contrast, at the same BER of 10−6, the BER
performance of the frequency-selective slow fading channel is
signiﬁcantly worse than that over AWGN channels, regardless
of m =1and m =2 .F o rm =1or m =2we observe the for-
mation of an error ﬂoor for the frequency-selective slow fading
channelmodelattheSNRperbitvaluesofabout20dBor25dB,
respectively. The reason for the performance trends of Fig. 4 is
that in the context of the frequency-selective fast fading channel
model the total diversity order is SN1 =1 6 . By contrast, in the
context of the frequency-selective slow fading channel model,
the diversity order is only S =4 .
Fig. 5 demonstrates the comparison of the BER performance
versus the number of users K for the FS MC-CDMA sys-
tem, when communicating over both non-fading AWGN, as
well as over frequency-selective slow Rayleigh (m =1 )fad-
ing and fast Rayleigh (m =1 )fading channels. The curves
in Fig. 5 were plotted versus the number of users K for the
Fig.5. BERperformanceversusthenumberofusersK fortheFS-MC-CDMA
systems, when communicating over both non-fading AWGN, as well as over
slowfrequency-selectiveandfastfrequency-selectiveRayleigh(m =1 )fading
channels.
Fig.6. BERversusEb/N0 performanceoftheFS-MC-CDMAsystems,when
the frequency-selectivity of the fast Rayleigh (m =1 )fading channels and
hence the frequency diversity increase. In this ﬁgure N2 = 128,S=1repre-
sents the frequency non-selective fading, while N2 =1 ,S= 128 corresponds
to the scenario of strongest frequency-selective fading.
parameters of N1 =4 ,N 2 =3 1 ,S=4 , and Eb/N0 =1 5dB.
The results of Fig. 5 also show that the achievable BER per-
formance is better in frequency-selective fast fading environ-
ments, than in the frequency-selective slow fading environ-
ments. This is a consequence of the higher diversity order
achievable over the frequency-selective fast fading channels,
than over the frequency-selective slow fading channels.
In Figs. 6 and 7 we illustrate the effect of the frequency-
selectivity of fast Rayleigh fading channels on the BER per-
formance of the FS MC-CDMA system. The results of Fig. 6YANG AND HANZO: PERFORMANCE OF FRACTIONALLY SPREAD MULTICARRIER CDMA 1825
Fig. 7. BER performance versus the number of users of K for the FS-MC-
CDMA systems, when the frequency-selectivity of the fast Rayleigh (m =1 )
fading channels and hence the frequency diversity increase.
were computed against the SNR per bit value of Eb/N0, while
the results of Fig. 7 were computed versus the number of active
users K. All the results were computed by using the equations
derived in Section III. In our computations we assumed hav-
ing N1 =4fractions per symbol, which implies encountering a
fast fading channel having a constant coherence time. By con-
trast, the frequency-selectivity or the coherence bandwidth was
a variable, which may span a range from low to high values.
For a given system bandwidth, owing to this wide-range coher-
ence bandwidth, the number of independent subcarrier signals
may also span a range from low values corresponding to S =1
to high values associated with S = 128, for example. When
combining these independently faded subcarrier signals at the
receiver, a scenario associated with a high spreading factor and
low diversity order encountered, when communicating over low
frequency-selectivefadingchannelswillbeconvertedtothelow
spreading factor and high diversity order scenario, when com-
municating over strongly frequency-selective fading channels.
Furthermore, in our computations we assumed that N2S = 128
was a constant for the sake of guaranteeing a constant system
bandwidth. From the results of Figs. 6 and 7 we can see that for
the given parameters shown at the top of the ﬁgures, the BER
performance becomes better, when the frequency-selectivity of
the channels becomes more dominant. However, upon compar-
ingtheresultsofFig.6withtheBERperformanceoftheAWGN
scenario characterized in Fig. 4 a frequency diversity order of
S =5has the potential of achieving a BER performance close
to recorded for AWGN channels.
In contrast to Figs. 6 and 7 which demonstrate the effect
of the frequency-selectivity of wireless channels on the BER
performance, in Fig. 8 we evaluated the effect of the time-
selectivity of wireless channels on the BER performance of the
FS MC-CDMA systems. As shown in Fig. 8, in our computa-
tions we assumed that the number of independently faded frac-
tions within a symbol duration was N1 =1 ,2,4,8,16, where
Fig.8. BERversusEb/N0 performanceoftheFS-MC-CDMAsystems,when
the rate of fading of the frequency-selective Rayleigh (m =1 )fading channels
varies from slow to rapid. N1 =1 ,N2 = 128 represents the time nonselective
fading, while N1 =1 6 ,N2 =8corresponds to the rapidest fading scenario.
N1 =1implies slow fading conditions, rendering the fading
amplitude near-constant over a symbol duration. By contrast,
the scenario corresponding to N1 =1 6represents the fastest
fading conditions, since there exist N1 =1 6fractions within
a symbol duration, which experience independent fading. The
results of Fig. 8 were evaluated using the equations derived in
Section III versus the SNR per bit of Eb/N0 for the parameters
of S =4 ,K=3 0 ,m=1 . In order that the system bandwidth
and the transmitted data rate remain constants for the sake of
fair comparisons, we assumed that the product of two T-domain
spreading factors was a constant, namely N1N2 = 128.F r o m
the results of Fig. 8 we observe that for a given frequency-
selectivity associated with S =4 , the BER performance of
the FS MC-CDMA system is enhanced, when the grade of
time-selectivity of the wireless channels increases, or when the
fading-rate of the wireless channel becomes faster. This is be-
cause, when the time-selectivity becomes more dominant, the
FS MC-CDMA receiver is capable of achieving a higher di-
versity order by combining the independently faded fractions.
Furthermore, from the results of Fig. 8 we can see that the
BER performance associated with N1 =2or 3 is signiﬁcantly
better than that associated with N1 =1 . Therefore, in the FS
MC-CDMA system even a relatively modest grade of time-
selectivity (or Doppler spread) encountered in practise can be
leveraged into substantial diversity gains.
Finally, Fig. 9 shows the BER performance of the FS MC-
CDMA system with respect to the Nakagami fading parameter
m, when communicating over frequency-selective slow or fast
Nakagami-m fading channels. For the sake of comparison, the
benchmark BER performance achieved in AWGN channels was
alsoplottedinFig.9.TheresultsofFig.9illustratethatwhenthe
value of m increases, the BER performance of FS MC-CDMA
over both fast and slow fading channels will approach the BER1826 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 54, NO. 5, SEPTEMBER 2005
Fig. 9. BER performance versus the Nakagami fading parameter of m for the
FS-MC-CDMAsystems,whencommunicatingoverboththenonfadingAWGN,
as well as over frequency-selective slow fading and fast fading channels.
performanceofAWGNchannels.However,foranygivenfading
parameter m, the FS MC-CDMA system communicating over
fast fading channels is capable of achieving a lower BER, than
over slow fading channels.
V. CONCLUSION
In this paper, we have proposed a novel fractionally spread
multicarrier CDMA arrangement, i.e., the FS MC-CDMA
scheme,whichemploysbothT-domainspreadingandF-domain
spreading. Speciﬁcally, we have proposed the employment of
concatenated T-domain spreading for improving the achievable
performance, when communicating over wireless channels ex-
hibitingbothfrequency-selectiveandtime-selectivefading.The
BERperformanceoftheFSMC-CDMAsystemhasbeeninves-
tigated both analytically and numerically, when communicating
over both AWGN, and frequency-selective slow Nakagami-m
fading or frequency-selective fast (time-selective) Nakagami-m
fading channels. Based on our results we infer the following
conclusions. Firstly, FS MC-CDMA constitutes a self-ﬂexible
scheme without requiring external reconﬁguration. It is capable
of automatically converting the spreading gain to the diversity
gain, when the frequency-selectivity and/or time-selectivity of
the wireless channel becomes more dominant. Conversely, it
has the ability to leverage the diversity gain into the spread-
ing gain, when the frequency-selectivity and/or time-selectivity
of the wireless channel becomes less prevalent. Secondly, the
FS MC-CDMA scheme is capable of sufﬁciently exploiting the
time-selectivityofthechannelforimprovingtheachievableper-
formance.IntheFSMC-CDMAsystemevenarelativelymodest
time-selectivity encountered may be transformed to substantial
diversity gains. Furthermore, our numerical results show that
in FS MC-CDMA the BER performance attained, when com-
municating over fast fading channels is signiﬁcantly better than
that over slow fading channels. The BER performance achieved
over fading channels approaches that achievable over AWGN
channels, when the grade of frequency-selectivity and/or time-
selectivity of the fading channel increases. Therefore, the FS
MC-CDMA scheme is beneﬁcial for employment over wire-
lesschannelsexhibitingfrequency-selective fadingand/ortime-
selective fading.
APPENDIX
DERIVATION OF Var[I
(k)
u ]
In this Appendix, we derive the variance of the MUI I
(k)
u ,
where I
(k)
u is given by (20). Since random spreading codes are
assumed for both T-domain spreading and for F-domain spread-
ing, and since for a given value of τk, the partial correlation
functions Rk(τk) and ˆ Rk(τk) in (20) are also independent of
each other, the variance of I
(k)
u can be expressed as
Var
 
I(k)
u
 
=
N2
1S2
T2
s
 
E
 
ρ2
1k(n−1)
 
E
 
R2
k(τk)
 
+ E
 
ρ2
1k(n0)
 
E
 
ˆ R2
k(τk)
  
(40)
where upon extending β1k(n−1) in (21) with the aid of (16), we
have
E
 
ρ2
1k(n−1)
 
= E


 
1
N1
N1−1  
n=0
anakn−1
1
S
×
S  
s=1
FsFksαunsα(k)
un−1s cos
 
ψ(k)
un−1s
  2
. (41)
Since random spreading codes are assumed, after assembly av-
erage, the right-hand side of the above equation retains only the
squared terms, while all the other terms are zero. Hence, (41)
can be expressed as
E
 
ρ2
1k(n−1)
 
=
Ω
2N2
1S2
N1−1  
n=0
S  
s=1
α2
uns. (42)
Similarly, we can derive the variance of E[ρ2
1k(n0)], and
it can be shown that E[ρ2
1k(n0)] = E[ρ2
1k(n−1)]. Upon using
E[ρ2
1k(n−1)] and E[ρ2
1k(n0)], (40) can be simpliﬁed to
Var
 
I(k)
u
 
=
Ω
2T2
s
 
E
 
R2
k(τk)
 
+ E
 
ˆ R2
k(τk)
  
×
N1−1  
n=0
S  
s=1
α2
uns (43)
where E[R2
k(τk)] and E[ ˆ R2
k(τk)] represent the variance of the
partial cross-correlation functions R2
k(τk) and ˆ R2
k(τk).I tc a n
be readily shown that for random spreading sequences and
for rectangular chip-waveforms, the expression of E[R2
k(τk)] +
E[ ˆ R2
k(τk)] is given by [9] and [30]
E
 
R2
k(τk)
 
+ E
 
ˆ R2
k(τk)
 
=
2T2
d
3N2
=
2T2
s
3N2
1N2
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Upon substituting (44) into (43), ﬁnally, we obtain the variance
of Var[I
(k)
u ], which is expressed as
Var
 
I(k)
u
 
=
Ω
3N2
1N2
N1−1  
n=0
S  
s=1
α2
uns. (45)
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